Protecting an equity market portfolio with VIX-Futures eats not only the kurtosis 2 but also the profits of the portfolio. Being constantly VIX-Futures long is too expensive 1 . Therefore one has to find an appropriate timing strategy. This working paper presents a Hidden-Markov-Model which not only has a reasonable tail-risk-protection but even improves the overall return of the SPY. The strategy is -at least in the historic simulation -close to what is called in German an "eierlegende Wollmilchsau" ("egg-laying wool-milk-sow" 3 ).
Introduction:
There are papers which show the profitability of protecting an equity market portfolio with VIXFutures. But they only consider the period of the 2008 crash. It is a trivial result that an insurance is beneficial in case of a damage. There is general consensus that paying constantly the insurance premium is too costly. One has to find a reasonable working timing-mechanism. The starting point of this work was the paper "Effective and Cost-Efficient Volatility Hedging Capital Allocation: Evidence from the CBOE Volatility Derivatives" by Yueh-Neng Lin 4 . The volume of the long VIX-Futures position depends on different market regimes. The regimes are defined by the realized volatility of the SPY and the trend of the VIX. If the realized volatility RV is below 10% and the VIX is additionally trending down no Futures are hold at all. If the RV is above 45% and the VIX is trending up, one holds 65% of the SPY position in VIX-Futures. The other regimes/states are in between. Lin also considers other hedging tools like S&P-Puts and Variance-Futures. But his results are best for the VIX-Futures. The presented strategy is -albeit with other parameters -according my own simulations indeed relative attractive. The tail-risk is reduced considerably, the Sharpe-ratio is slightly improved but there is also a significant drag in performance. The intuitive notion behind this -and other -approaches is: One should hedge in a risky, volatile regime and one should not pay the insurance premium in a quiet bull-market. A well known statistical tool to address such a question is the Hidden-Markov-Model (HMM). The method was initially developed in the field of temporal pattern recognition such as speech, handwriting or gesture recognition. The assumptions of the model are: The probability of the observed sequence is identically and independent distribution for a given -non observable -state, but differs significantly between states. The observed variable is usually correlated. The correlation is a result of state transitions. The statetransitions depend only on the last state (this is the Markov-condition) and not on the full state-space history. The Markov-condition greatly simplifies the estimation of the hidden latent states. The number of states must be specified beforehand. The observed sequence in the original applications is a discrete variable. But it is relative straightforward to extend the model to a continuous distribution. It is usual to assume a Multivariate Normal-Distribution. This assumption can be justified by the fact that almost any (reasonable) distribution can be approximated by a mixture of Gaussian's. But this is only a theoretical result. The number of states would usually be too large to be of any practical use. According the motto "All models are wrong, some are useful" one is interested in calculating in a reliable way the latent states and does not care too much about the Gaussian assumption and the Markov-condition.
Following the mentioned paper of Lin the HMM uses a Multivariate-Normal with 2 Dimensions. For Dimension 1 I tried the daily-return and the daily-absolute-return.
Note: The daily return is scaled by 100.0, the absolute-return by 100*sqrt(252.0) to get easy to interpret numbers. This does not change the mathematical properties of the model.
The daily-absolute-return aka volatility performs generally slightly better. But the effect is not dramatic. For the second VIX-related dimension I tried the VIX, the Implied-Volatility-Term-Structure (IVTS) and the VIX-Futures Term-Structure. The IVTS is defined as VIX/VXV. The VXV is the 3-month volatility index. I have used the IVTS in several trading strategies with good success (see [5] and the references herein). 
Implementation and Trading-Rules:
The parameters of the HMM are calculated with the Baum-Welch Algorithm. The algorithm is conceptually simple, but handling the numeric problems of over-and underflow is not trivial. I ported the C++ implementation of Press 6 to Java. The implementation of Press assumes a discrete distribution. It is straightforward to replace this term by the density of the 2D-Normal. But the implementation failed when I tried also a plain Normal-Distribution. The algorithm selects for one state a single observation and classifies the other measurements to the remaining state. This single observation has a variance of zero and hence an infinite density. This is a known problem which can be addressed by regularization terms 7 . I did not encounter this problem for the 2-dimensional case. For trading purposes one recalculates for each day the HMM. One uses always a sliding window of 2 years (504 trading-days). I tried a HMM with 2 and 3 states. The 2 states model is clearly superior. The Baum-Welch algorithm calculates for the whole time-range the daily state-probabilities. But only the last entry is of interest. The algorithm has of course no notion of a risky state. It classifies the trading states to maximize the overall likelihood. The numbering of the states is arbitrary. It happens that the risky-state is at time T state-0 and at time T+1 state-1. A state k (with k=0,1) is defined risky, if the state-marginal mean of the absolute return of k is greater than of the marginal mean of the other state and the marginal-mean of the VIX-Futures Term-Structure is less than in the alternative state. There are a few occasions where e.g. state 1 has the greater mean absolute return but also the greater mean Term-Structure. This can happen if there was not a major market-turmoil within the last 2 years. There is in fact only one market regime. But the model always tries to find two and places the measurements rather arbitrarily into the state-bins. This situation was resolved by setting the riskystate-probability to Zero. Theoretically it could also be a crash lasting for 2 years. But this is an extremely unlikely situation. Using a 2 years window means that the definition of risky, the distribution of the absolute-return and of the Term-Structures differs from time period to time-period. It is a relative measure: Risky in terms of the last 2 years.
Graphic-1 shows the probability of being in the risky-state. The transition is usually very fast from a probability close to Zero to close to One. This holds also in the other direction. One sees on the left the relative long lasting market-turmoil in the summer of 2011. The other risky-regimes are of shorter duration. 
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